= i n f l u e n c e c o e f f i c i e n t m a t r i x , Eq. (9) 6 = f i n d e f l e c t i o n a n g l e , deg OD = f i n opening angle, deg ALE = f i n leading-edge sweep a n g l e , deg ATE f i n t r a i l i n g -e d g e sweep a n g l e , deg = number of source o r v o r t e x and column number i n t h e m a t r i x of Eqs. (7) and (9) = number of c o l l o c a t i o n p o i n t and l i n e number i n Eqs. (7) However, such a launching procedure r e q u i r e s foldi n g .aerodynamic s t a b i l i z e r s because of -i t s packagi n g c o n s t r a i n t s . The s t a b i l i z e r s would be folded QRiGrjPdAL PAGE €3 OF POUR QUALITY i n t h e stowed p o s i t i o n t o f i t w i t h i n a c i r c u l a r antisymmetric wings with spanwise c u r v a t u r e i n c y l i n d e r and would deploy i n s t a n t l y a f t e r launch. uniform flow wps developed, with t h e i n t e n t t h a t Wraparound-fin (WAF) c o n f i g u r a t i o n s ( s e e Fig. 1) t h e asymmetric t i p v o r t i c e s generated a t any f i n i t e meet t h i s requirement and a t t h e same time maximize a n g l e of a t t a c k would r e t a i n some v o r t i c i t y when t h e volume a v a i l a b l e f o r t h e missiles subsystems, t h e a n g l e was g r a d u a l l y decreased t o zero. Howe s p e c i a l l y f o r t h e nozzle e x i t .
e v e r , nothing b u t t h e t r i v i a l s o l u t i o n could b e found a t z e r o incidence. Next, t h e a u t h n r s modi-It has been r e p e a t e d l y observed t h a t WAF con-f i e d t h e v o r t e x -l a t t i c e code f o r wings alone1' t o f i g u r a t i o n s have conventional l o n g i t u d i n a l aerody-handle antisymmetric, spanwise-curved wings. namic c h a r a c t e r i s t i c s 1 -4 e q u a l t o t h o s e of config-
Again, wraparound f i c s a t z e r o i n c i d e n c e i n uniform u r a t i o n s with p l a n a r f i n s of i d e n t i c a l planform.
flow f a i l e d t o produce r o l l i n g moments. With t h e However, a s e a r l y a s 1960, F e a t h e r stone1 pointed f a i l u r e of b o t h t h e s e approaches i n uniform oncomo u t t h a t WAF c o n f i g u r a t i o n s d i s p l a y e d a seemingly ing flow, and w i t h some experimental i n d i c a t i o n 6 u n p r e d i c t a b l e l a t e r a l behavior. Of s p e c i a l i n t e r -t h a t rocket-motor burnout a l s o gave r i s e t o r o l l e s t f o r the p r e s e n t i n v e s t i g a t i o n were t h e induced r e v e r s a l , t h e a u t h o r s suspected t h a t , i n subsonic r o l l i n g moments. While t h e s e moments were undar-flow, t h e r o l l i n g moments could be generated by a s t a n d a b l e ( i f n o t p r e d i c t a b l e ) a t t h e h i g h e r a n g l e s r a d i a l -v e l o c i t y component induced on t h e f i n s by of a t t a c k a s a r e s u l t of t h e asymmetry of t h e t h e wake flow f i e l d . curved f i n s , ' 7 t h e moments measured a t z e r o a n g l e of a t t a c k 5 presented an enigma. An even g r e a t e r The purpose of t h i s work was t o i n v e s t i g a t e enigma was t h e r o l l r e v e r s a l t h a t occurred when WAF t h i s i d e a and t o prove i t s f e a s i b i l i t y . I t was c o n f i g u r a t i o n s a c c e l e r a t e d o r d e c e l e r a t e d through n o t meant t o be a r i g o r o u s s o l u t i o n of t h e flow t h e sonic-speed range." f i e l d around a WAF c o n f i g u r a t i o n a t any given a n g l e of a t t a c k . Consequently, t h e a u t h o r s decided t o Because of t h e s i g n i f i c a n c e o f WAF configura-Use e x i s t i n g approximate numerical methods with t i a n s i n weapons technology and t h e i r unusual l a t -some s i m p l i f y i n g assumptions i n o r d e r t o o b t a i n a t e r a 1 c h a r a c t e r i s t i c s , an i n t e r n a t i o n a l r e s e a r c h l e a s t a q u a l i t a t i v e answer a t a minimum e f f o r t and program [ t h e Technical Cooperation Program (TTCP) 7 ]
Cost. was s e t up i n 1969 a t a meeting a t Eglin AFB. I n the ensuing research e f f o r t (encompassing t h e U.S. Armed Forces, t h e United Kingdom, Canada, and
The blothema t i c a l Plodel A u s t r a l i a ) an i n t e n s i v e experimental i n v e s t i g a t i o n program was launched t o study t h e aerodynamic char-
The mathematical model, a s w e l l a s t h e numeria c t e r i s t i c s of a s t a n d a r d c o n f i g u r a t i o n (Fig. 1 ) c a l methods used h e r e , i s w e l l lcnown and i s w i t h 20 d i I f e r e n t f i n s and two d i f f e r e n t b o d i e s , described only b r i e f l y . The i n t e r e s t e d reader a t Eiach nun~bers from 0.3 t o 3 . 0 . may c o n s u l t t h e r e l e v a n t r e f e r e n c e s f o r more d e t a i l s . The esperimental r e s u l t s of t h i s program proved t h a t t h e s t a t i c l o n g i t u d i n a l aerodynamic c h a r a c t e r - (1) '~nd even without a s e v e r e i n c r e a s e i n t h e i r t o t a l drag. Ilowever, t h o s e r e s u l t s a l s o s u b s t a n t i a t e d where i s t h e p o t e n t i a l f u n c t i o n , a~c l by t h e F e a t h e r s t o n e ' s ' f i n d i n g s of unusual l a t e r a l aero-tangency boundary c o n d i t i o n on a l l s o l i d s u r f a c e s dynamics. 111 s p i t e of t h e r e l a t i v e l y l a r g e s c a t t e r of t h e c o n f i g u r a t i o n : i n t h e csperimentnl data obtained iron1 t h e s t i n g -~nounted models i n t h e v a r i o u s wind t u n n e l s -.
'~ t h e r e was no doubt t h a t WAF configura-an
(2)
Lions developed induced r o l l i n g nlonients, even a t 3 zero a n g l e of a t t a c k . Generally speaking, t h e s e where n i s t h e u n i t v e c t o r nor~nal t o t h e surCace. With t h i s i n mind, i t became necessary t o simul a t e n o t only t h a body, b u t a l s o i t s wake. Since t h e p o t e n t i a l flow model used could n o t account f o r a wake ( n e i t h e r t h e v i s c o u s wake of t h e body n o r t h e plume of a r o c k e t motor), t h e problem could be evaded by s u b s t i t u t i n g a s o l i d body f o r t h e i n n e r wake enclosed by t h e d i v i d i n g s t r e a m l i n e . For t h i s t o be done, t h e shape of t h e d i v i d i n g s t r e a m l i n e had t o be known from e x t e r n a l sources, and t h e r e s u l t i n g " s o l i d body" was i n c o r p o r a t e d i n t o t h e body s i m u l a t i o n a s i f i t were i t s i n h e r e n t r e a r p a r t .
111-a~ents :lcted
Three types of wake shapes a r e simulated i n t h i s work: 1 ) t h e free-undisturbed wake of a body i n f r e e f l i g h t ; 2) t h e wake of a sting-mounted body i n a wind tunnel; and 3 ) t h e plume of an underexpanded j e t f i r i n g from a rocket-motor e x i t nozzle. Wake shapes a r e n o t r e a d i l y a v a i l a b l e i n any s i n g l e r e f e r e n c e , and a comprehensive l i t e r a t u r e review had t o be untiertaken i n o r d e r t o compile t h e necess a r y d a t a . 1 6 I n view of t h e l e n g t h of t h e p r e s e n t paper, only t h e r e l e v a n t c o n c l u s i o n s o f t h i s review a r e given.
1 ) The d i v i d i n g s t r e a m l i n e of a f r e e wake was modeled by an o g i v a l s o l i d body. T h i s shape was based on t h e experimental o b s e r v a t i o n s i n Refs. 1 7 through 20. The flow v i s u a l i z a t i o n d i s c u s s e d i n Refs. 1 7 , 1 8 , and 19 showed t h e s e p a r a t i n g streaml i n e t o l e a v e t h e body t a n g e n t i a l l y t o t h e s u r f a c e , and t o e n t e r t h e r e a r s t a g n a t i o n p o i n t a t an angle between 30" and 40". The tangent ogive used i n t h e p r e s e n t model o f f e r e d a good s i m u l a t i o n of t h i s p a t t e r n (Fig. 2 ) . The most important c h a r a c t e r i st i c of t h e wakenamely, i t s l e n g t h t o the r e a r s t a g n a t i o n p o i n t and i t s dependence on t h e Mach number (Fig. 2) was based on Ref. 18. The Reynolds number d i d n o t a f f e c t t h e l e n g t h and shape of t h e wake once t h e wake was t~r b u l e n t .~~' '~ The r e s u l t s of t h e experiments i n Ref. 20 with d i f f e re n t base shapes i n d i c a t e d t h a t t h e presence of t h e f i n s should have no e f f e c t on t h e shape and t o t a l l e n g t h of t h e wake. When t h e computer code was run, t h e i n f l u e n c e of v a r i a t i o n s i n t h e wake shape were i n v e s t i g a t e d . Various wake shapes ( e . g . , p a r a b o l i c o r cubic polynomial) of e q u a l l e n g t h were t r i e d , b u t t h e e f f e c t s of t h e s e v a r i a t i o n s on t h e r e s u l t s were i n s i g n i f i c a n t . l 6 2) V e r i f i c a t i o n of t h e proposed mathematical model required a comparison with experimental d a t a . However, such d a t a were obtained from s t i n gmounted, wind-tunnel models. The s t i n g changed t h e wake i n t o t h a t of a backward-facing s t e p , varyi n g from an axisymmetric s t e p 1 $ ( l a r g e step-heightto-body-diameter r a t i o ) t o an almost two-dimensional step1' (when t h e s t e p i s s m a l l ) . (Fig. 2 ) . The dependence of t h e l e n g t h of t h i s e q u i v a l e n t wake on t h e flow Mach number i s shown i n Fig. 2 f o Although t h e method of determining t h e p o s i t i o n of t h e r e a r s t a g n a t i o n p o i n t i s f a i r l y crude, t h e i n f l u e n c e of i t s inaccuracy i s n o t l a r g e . The change i n t h e induced r o l l i n g moment caused by a 20% v a r i a t i o n i n t h e l e n g t h of t h e wake was i n t h e range of 1-2%.
3 ) The t h i r d wake simulated was a rocketexhaust j e t plume. WAi ? c o n f i g u r a t i o n s a r e rocketpowered, and t h e induced r o l l i n g moments d u r i n g t h e powered phase of t h e f l i g h t a r e a l s o of i n t e re s t .
The l i t e r a t u r e review of Ref.
16 d e f i n e d a l a r g e number of parameters t h a t determine t h e shape of t h e plume. Since t h e prime o b j e c t i v e of t h i s work was t o o b t a i n q u a l i t a t i v e d a t a on t h e induced r o l l i n g moments, and s i n c e experimental d a t a on t h e s e moments during powered f l i g h t were n o t a v a i l a b l e f o r comparison, t h e plume was modeled f o r a l i m i t e d number of parameters only. These parameters were f o r a s o n i c j e t , blowing from a c y l i n d r i c a l n o z z l e e x i t i n t o a subsonic o u t e r flow. The j e t s were underexpanded, with jet-to-free-stream p r e s s u r e r a t i o s from 1 through 6. The t y p i c a l geom e t r i c a l f e a t u r e s of t h e j e t plume ( t h e l e n g t h of t h e f i r s t j e t "diamond," i t s upstream v e r t e x angle, and t h e dialreter of i t s downstream end) under t h e s e c o n d i t i o n s wtlre taken from Refs. 22 and 23. With t h e s e t h r e e parameters s p e c i f i e d , t h e shape of t h e s o l i d body s i m u l a t i n g t h e j e t plume was modeled by a second-order polynomial.16
Fin Modeling
With t h e body-induced flow f i e l d known, t h e p r e s s u r e loading on t h e f i n s can be c a l c u l a t e d and i n t e g r a t e d t o produce t h e induced r o l l i n g moment. I n t h e p r e s e n t work, t h i s i s done by a n o n l i n e a r v o r t e x -l a t t i c e method (VLII) . I 1 Each f i n i s divided i n t o q u a d r i l a t e r a l panels (Fig. 3 ) , and bound horseshoe v o r t i c e s of unknown s t r e n g t h a r e d i st r i b u t e d a t the q u a r t e r chord p o s i t i o n s of t h e p a n e l s ( i n s e t A i n Fig. 3 ) . The t r a i l i n g v o r t i c e s from t h e system a r e f r e e t o shed from the f i n s ' t r a i l i n g and s i d e edges, and a f t e r determining t h e i r e q u i l i b r i u m p o s i t i o n i n space, they form t h e v o r t e x wake of t h e f i n s . The i n t e n s i t i
e s of t h e v o r t i c e s a r e again determined by t h e tangencyboundary c o n d i t i o n [Eq. (Z)]. T h i s c o n d i t i o n i s imposed a t a f i n i t e number of c o n t r o l p o i n t s l o c a t e d a t t h e midspan of each p a n e l ' s 314 chord l i n t . T h i s tangency c o n d i t i o n i s s a t i s f i e d by t h e mutual c a n c e l l a t i o n of t h e v e l o c i t y components due t o t h e f r e e stream, body, and v o r t e x flow f i e l d s t h a t a r e normal t o t h e f i n s ' s u r f a c e s a t t h e cont r o l p o i n t s .
The v e l o c i t y d f , induced by a segment d i of a l i n e v o r t e x of s t r e n g t h y a t p o s i t i o n r , i s g i v e n by t h e Biot-Savart Law:
When t h e c o n t r i b u t i o n s of a l l t h e v o r t i c e s a r e i n t e g r a t e d , t h e t o t a l induced v e l o c i t y a t any given p o i n t can b e c a l c u l a t e d . The component Vn of t h e t o t a l induced v e l o c i t y t h a t i s normal t o t h e f i n ' s s u r f a c e a t a s e t of c o n t r o l p o i n t s l o c a t e d a t each p a n e l ' s 314 chord i s given by
where Nv i s t h e t o t a l number of v o r t e x p a n e l s having been aware of t h e p o s s i b l y d e c i s i v e r o l e of t h e wake f l o w i n t h i s case, t h e p a r t i c i p a n t s o f TTCP d i d n o t s p e c i f y i n t h e i r r e p o r t s (e.g., Refs. 8-10) t h e model-to-sting-diameter r a t i o s . One cannot be c e r t a i n t h a t t h e same r a t i o was used throughout t h e program. As shown i n Fig. 2 
s t h e component, normal t o p a n e l ( J ) a t i t s cont r o l p o i n t , of t h e v e l o c i t y induced t h e r e by a v o r t e x of u n i t s t r e n g t h a t ( I ) . The tangency boundary c o n d i t i o n a t t h e c o n t r o l p o i n t s i s s a t i sf i e d when t h e v e l o c i t y component normal t o t h e s u r f a c e ( t h a t i s , induced by t h e v o r t i c e s ) i s can

t h i s r a t i o h a s a f i r s t -o r d e r i n f l u e n c e on t h e l e n g t h of t h e wake and consequently a l s o should have a nonn e g l i g i b l e e f f e c t on t h e r a d i a l component of t h e v e l o c i t y and on t h e r o l l i n g moments i t induces.
S i n c e t h e experiments r e p o r t e d i n Ref. 9 were done w i t h a body-to-sting-diameter r a t i o of 3 : l (which i s t h e common p r a c t i c e i n wind-tunnel work), and because of l a c k of information t o t h e c o n t r a r y , i t was assumed h e r e t h a t a l l t h e d a t a were obtained u s i n g t h i s r a t i o . T h i s assumption may have cont r i b u t e d t o t h e s c a t t e r i n t h e d a t a , which a l r e a d y was c o n s i d e r a b l e because of t h e d i f f i c u l t y i n a c c u r a t e l y measuring t h e r e l a t i v e l y small r o l l i n g moment, e s p e c i a l l y a t t h e lower subsonic Mach number^.^ The low accuracy of t h e experimental d a t a l i m i t e d t h e comparison w i t h t h e computational r e s u l t s more t o q u a l i t a t i v e e v a l u a t i o n than t o f u l l v e r i f i c a t i o n of t h e mathematical model.
p a r t of t h e s o l u t i o n , a r e e i t h e r assumed t o be known i n the l i n e a r VW codes o r c o m~u t e d bv an i t e r a t i v e
The Standard Model process i n t h e n o n l i n e a r VLM cbdes.13-I n t h e l a t t e r c a s e , an i n i t i a l guess f o r t h e t r a j e c t o r i e s i s The TTCP s t a n d a r d WAF c o n f i g u r a t i o n (Fig. 1 ) needed.
I t is usually assumed that the free vor- With t h e s t r e n g t h s of t h e v o r t i c e s known, t h e p r e s s u r e d i s t r i b u t i o n a c t i n g on t h e f i n s i s computed by t h e Kutta-Joukowski theorem and i s i n t eg r a t e d r e l a t i v e t o t h e body a x i s t o g i v e t h e r o l l i n g moment .
Computational R e s u l t s
The main purpose of t h i s work was t o i d e n t i f y a p o s s i b l e mechanism inducing r o l l i n g moments on WAF c o n f i g u r a t i o n s a t z e r o a n g l e of a t t a c k . The preliminary study i n d i c a t e d t h a t , while no such moments could be produced i n a uniform flow f i e l d , t h e r a d i a l v e l o c i t y component a t t h e b a s e of t h e c o n f i g u r a t i o n (inward over a c l o s e d wake o r outward over a j e t plume) could induce r o l l i n g moments by i n t e r a c t i n g w i t h t h e antisymmetric f i n s .
To v e r i f y t h i s h y p o t h e s i s (even i f only q u a l it a t i v e l y ) , t h e computation r e s u l t s had t o be com- The modeling of t h e f i n s Idas done with 100 uniform v o r t e x p a n e l s (Fig. 3 ) per Ein. T h i s f i n e d i v i s i o n guaranteed tlie numerical accuracy of t h e r e s u l t s . For i n s t a n c e , an i n c r e a s e oT t h e number of p a n e l s by 302 cl~anged tlie computed r o l li n g moment by l e s s than 0.52. Thc computed press u r e d i s t r i b u t i o n over a f i n t h a t i s sliomi i n Fig. 4 i n d i c a t e s t h a t t h e number of panels could be decreased and computation time could be saved by a nonuniform spacing of t h e p a n e l s with a f a r lower d e n s i t y on t h e upstream t h r e e -q u a r t e r s of t h e f i n and a denser d i v i s i o n on i t s a f t q u a r t e r where t h e p r e s s u r e g r a d i e n t s a r e l a r g e . Another method t o save computation time a t a penalty of a 2-3% e r r o r i n t h e r o~l i n g moment was t o model only one p a i r of f i n s on t h e c o n f i g u r a t i o n and m u l t i p l y t h e computed moment by two. u s e r can s p e c i f y t h e l e n g t h and v e r t e x a n g l e of t o t h e body boundary l a y e r . The r e s u l t s a r e i n t h i s cone and even a s p i r a l t w i s t o f t h e v o r t i c e s f a i r agreement w i t h t h e AEDC d a t a ( c i r c l e s ) . Comover t h e cone i;s a s i m u l a t i o n of t h e wake r o l l -u p . p a r i s o n w i t h t h e JPL d a t a i s i n c o n c l u s i v e because A n o n l i n e a r computation of t h e full-wake roll-up o f t h e l a r g e u n c e r t a i n t y l e v e l s r e p o r t e d f o r t h e s e (found t o b e unnecessary f o r t h e p r e s e n t purpose) d a t a ( t h e AEDC d a t a had no u n c e r t a i n t y l e v e l s would r e q u i r e considerably more computer time.
shown). Other comparisons t h a t were p o s s i b l e with experimental d a t a a r e shown i n F i g s . 6 through 8 . Figure 6 compares t h e rolling-moment cocff i c i e n t s i~t L. 1 = 0.8 f o r t h e s t a n d a r d c o n f i g u r a t i o n with the f i n s a t d i f f e r e n t opening a n g l e s (OD), where a t OD = 120'
Comparison w i t h Experimental Data
t h e f i n s a r e completely f o l d e d , and a t t h e d i r e c t i o n o t t h e r o l l i n g moment, which i s now 'sawyer, W . , Monta, W . , C a r t e r , W., and about f o u r times a s g r e a t a s t h e moment induced by Aiexander, W . , "Control C h a r a c t e r i s t i c s f o r Wrapt h e inward flow of t h e c l o s e d wake.
Around F i n s on C r u i s e M i s s i l e Contigurations," 15~oodwin, F. K. and I l i l l e n i u s , El. F. I':., "Estension of t h e blcthod f o r P r e d i c t i n g S i s -Degrees-of-Freedom S t o r e S e p a r a t i o n T r a j e c t o r i e s a t Speeds Up t o t h e C r i t i c a l Speed," Air Force Fl.ighe Dynamics Laboratory, Wright-l'atterson AFB, Ohio, AFFDL-TR-72-83, Oct. 1.972.
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